ASSOCIATION BETWEEN TEMPERATE 
DISTRIBUTIONS AND ANALYTICAL FUNCTIONS IN 
THE CONTEXT OF WAVE-FRONT SETS 



KAROLINE JOHANSSON 

Abstract. Let 33 be a translation invariant Banach function space 
(BF-space) . In this paper we prove that every temperate distribu- 
tion / can be associated with a function F analytic in the convex 
tube fl = {z £ C d ; |Imz| < 1} such that the wave-front set of / 
of Fourier BF-space types in intersection with R d x S' d_1 consists 
of the points (x, £) such that F does not belong to the Fourier 
BF-space at x — i£. 



0. Introduction 

Wave-front sets of Fourier Banach function types where introduced 
by Coriasco, Johansson and Toft in pQ. Roughly speaking, the wave- 
front set of Fourier Banach function type, WF^(/), of a distribution 
/, consists of all pairs (xq,£o) such that no localization of the distri- 
bution / at xq belongs to in the direction £q. Several properties 
of classical wave-front sets (with respect to smoothness) can be found 
in Bormander [12]. One of these are mapping properties for pseudo- 
differential operators (with smooth symbols) on wave-front sets which 
were generalized to Fourier Lebesgue type by Pilipovic, Teofanov and 
Toft in [13]. These properties were also proved to hold for wave-front 
sets of Fourier Banach function types. (Cf. Coriasco, Johansson and 
Toft (D.) 

In this paper we consider another property of wave-front sets con- 
cerning association between a temperate distribution and an analytic 
function, which was proved for classical wave-front sets by Bormander 
in [12]. More precisely, Bormander showed that every temperate dis- 
tribution / can be associated with a function F analytic in the convex 
tube {z € C d ; \lmz\ < 1} such that 



/= / F(. + tOde, (0.1) 
'lCI=i 
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and 



(R d x s 11 - 1 ) n WF L (f) 

= If I = 1, Fis not inC L atx 

Here WF/,(/) is the wave-front set with respect to a class of smooth 
functions C L . (Cf. Section 8.4 in Hormander |12].) 

In this paper we generalize this result to wave-front sets of Fourier 
Banach function types. We show that for every temperate distribution 
/ there exists a function F with the properties given before, satisfying 
(10. ip and such that 

(R^S^nWF^/) 

= If | = 1, F is not m&&&tx-i£}. (0.2) 

Since every Lebesgue space is a Banach function space we get by 
choosing SB = LP that the analogous result for wave-front sets of Fourier 
Lebesgue types is contained in (10. 2p as a special case. 

As shown later on in this paper, analogous results hold also for the 
weighted cases as well as inf types and modulation space types of wave- 
front sets. The latter is a direct consequence of the identification of 
wave-front sets of Fourier BF-spaces types with wave-front sets of mod- 
ulation space types. 

The modulation spaces were introduced by Feichtinger in [2], and 
the theory was developed in [1H6J|9]. The modulation space M(u,&), 
where u is an appropriate weight function (or time-frequency shift) on 
phase space R 2d , appears as the set of temperate (ultra-) distributions 
whose short-time Fourier transform belong to the weighted Banach 
space SSibS). This family of modulation spaces contains the (classical) 
modulation spaces M?^(R ) as well as the space W^(R 2d ) related 
to the Wiener amalgam spaces. In fact, these spaces which occur fre- 
quently in the time-frequency community are obtained by choosing 
m = L p { q (K 2d ) or m = L p 2 ' q (R 2d ) (see Remark 6.1 in [lj). 

The paper is organized as follows. In Section [T] we recall the defini- 
tions and some basic properties for translation invariant Banach func- 
tion spaces (BF-spaces) and Fourier Banach function spaces. In Section 
[2] we prove that every temperate distribution / can be associated with 
a function F analytic in a convex tube satisfying (10. ip and (10. 2p . Anal- 
ogous results are given in Sections |3j|5] for the weighted case, inf types 
and modulation space types, respectively. We use this result in Section 
[6]to show some further properties of these wave-front sets. In particular 
we show a result about the relation between wave-front sets of Fourier 
Banach function types and analytic wave-front sets. 
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1. Preliminaries 



In this section we recall some notations and basic results. The proofs 
are in general omitted. In what follows we let F denote an open cone 
in R d \ 0. If £ G R d \ is fixed, then an open cone which contains £ is 
sometimes denoted by T^. 

Assume that u,v G L^ c (R d ) are positive functions. Then u is called 
f-moderate if 



for some constant C which is independent of x, y G R d . If v in (II. ip 
can be chosen as a polynomial, then u is called polynomially moderate. 
We let ^(R d ) be the set of all polynomially moderated functions on 
R d . We say that v is submultiplicative when (II. ip holds with u = v. 
Throughout we assume that the submultiplicative weights are even. 
If u(x,C,) G 8^(R 2d ) is constant with respect to the x-variable (£- 
variable), then we sometimes write k>(£) (w(x)) instead of uj(x, £). In 
this case we consider a; as an element in 8^(H 2d ) or in 8^(R d ) depend- 
ing on the situation. 



For any weight uj in £P(~R d ) we let L%JH d ) be the set of all / G 
L} oc (R d ) such that f-ue L p (R d ). 

The Fourier transform is the linear and continuous mapping on 
y'{R, d ) which takes the form 



when / G L 1 (R d ). We recall that & is a homeomorphism on J?" (TV 1 ) 
which restricts to a homeomorphism on <5^(R d ) and to a unitary oper- 
ator on L 2 (K d ). 

Next we recall the definition of Banach function spaces. 

Definition 1.1. Assume that 8§ is a Banach space of complex- valued 
measurable functions on R d and that v G <^(R d ) is submultiplicative. 
Then 88 is called a (translation) invariant BF-space on K d (with re- 
spect to v), if there is a constant C such that the following conditions 
are fulfilled: 



(3) if /, g G Lj oc (R d ) satisfy g G 88 and |/| < \g\ almost everywhere, 
then / G 83 and 



w(x + y) < Cu(x)v(y) 



(1.1) 




(1) ^(R d ) C # C ^'(R d ) (continuous embeddings); 

(2) if x G R d and f e 88, then /(• - ac) G and 



||/(--x)||,<Ci;(x)||/|U; 



||/||*<C%||*. 
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Assume that SB is a translation invariant BF-space. If / G SB and 
/i G L°°, then it follows from (3) in Definition 11.11 that / ■ h G SB and 

Wf-hU<C\\fU\\h\\ L00 . 

Remark 1.2. Assume that Co>o, i>, ^0 G i^(R d ) are such u and t> q are sub- 
multiplicative, ujq is f -moderate, and assume that SB is a translation- 
invariant BF-space on R d with respect to v. Also let be the Banach 
space which consists of all / G L} oc (H d ) such that ||/||# = H/^oll^ is 
finite. Then SBq is a translation invariant BF-space with respect to vqv. 

For future references we note that if SB is a translation invariant BF- 
space with respect to the submultiplicative weight v on R d , then the 
convolution map * on J^(R ) extends to a continuous mapping from 
SB x L^(R d ) to SB, and for some constant C it holds 

llv*/IU<c|MUJI/IU, (i-2) 

(v) 

when G LL (R d ) and / G ^. In fact, if /, g G J", then /*</ G ^ C ^ 
in view of the definitions, and Minkowski's inequality gives 



II/* 011* = J /(• -y)g(y)dy 
< f \\f(--y)y\g(y)\dy<C [ \\f\U\g{y)v{y)\d y =C\\f\\®\\g u 



(v) 



Since J/^ is dense in Ll^, it follows that ip * f G SB when yj G L 1 ^ 
and / G <5^, and that (11. 2ft holds in this case. The result is now a 
consequence of Hahn-Banach's theorem. 

From now on we assume that each translation invariant BF-space SB 
is such that the convolution map * on S^(R d ) is uniquely extendable 
to a continuous mapping from SB x L\ v) (R d ) to SB, and that flT2D holds 

when ip G LL) (R d ) and f £ SB. We note that ^ can be any mixed and 
weighted Lebesgue space. 

In particular we then have that 

11/ g(- - y) dy\\Mi < C \\g(- -y)\\&gdy. 

J\y\ = l J\y\ = l 

Assume that SB is a translation invariant BF-space on R d and u G 
S^(K d ). Then we let &&(u) be the set of all / G y'(R d ) such that 
£ i — y f{0 u (0 belongs to SB. It follows that ^SBiuS) is a Banach space 
under the norm 

||/||^»(w) = ll/^IU- 
Recall that a topological vector space V C f^'(X) is called /oca/ if 
C Vioc- Here X C R d is open, and VJ oc consists of all / G S>'{X) such 
that y>/ G V for every y? G Cq°(X). For future references we note that 



if 3$ is a translation invariant BF-space on R d , then it follows from 
(II. 2p that is a local space, i. e. 

&® C », oc = (^) loc . 

Let 

I(£)= [ e~ M du) and K{z) = {2it)- d I e i{z & / d£. 

J\lu\ = 1 J 

(1.3) 

These functions will play an important role when proving the main 
results. We therefore explicitly give properties of these functions. These 
results can be found in Section 8.4 in Hormander [12J. 

Let I be given by (jl.3p then we have that /(£) = 2 cosh £ for d = 1 
and J(f) = 7 ((^0 1/2 ) for rf > !• Here 

Up) = c d -xj (l-^w^dt, (i.4) 

where c^-i is the area of S d ~ 2 . Then J is an even analytic function in 
C such that for every e > 

J o (/0 = {2uf d -^l 2 e p p- {d ~ 1)/2 {l + 0(l/p)) 

if p — > oo, | argp| < tt/2 — e. Furthermore there is a constant C such 
that for all p G C we have that 

|/o(p)| <C(l + |p|)- (d - 1)/2 e |Re " 1 . 

The following lemma can be found with proof in [12J. 

Lemma 1.3. K(z) is an analytic function in the connected open set 

Q = {ze C d - (z, z) <£ ( — oo, -1]} D Q. 

Here Q = {z G C; | Imz| < 1}. Furthermore, for any closed open cone 
T G Q such that (z, z) is never < when z G V \ there is some c > 
such that K(z) = 0(e~ c ^) when z — > oo in V. We have for real x and 
y that 

\K(x + ty)\<K(ty) = (d-l)\(2n)- d (l-\y\)- d (l + 0(l-\y\)), (1.5) 

\y\ -> 

Furthermore 

\D^K(x + iy)\ < C P {1- \y\Y n -^e- c \ x \ \y\ < 1 

holds by Cauchy's inequalities. (Cf. |12j.) 

5 



2. Analytic functions associated with temperate 

distributions 



In this section we show that (I0.2p holds. Assume that u G £P(R, d ). 
We recall that the wave-front sets of weighted Fourier Banach function 
types WF&ggt u \(f) consists of all pairs (xq, £o) G R d x R d \ such that 

\vf\j?sg(u,v (o ) = ||^"(W)xr $0 ^||^ = oo> 

for every open conical neighbourhood of and <p G with (p — 1 
in some open neighbourhood X of Xo- Here Xr (o is the characteristic 
function of T^ . (Cf. Coriasco, Johansson and Toft jT].) 
Let WFwiM) = WI-" //(/) if w = 1. 

Definition 2.1. Assume that / G £^'(R d ), ^ is a translation invariant 
BF-space and u G ^(R d ). Then / G &3§{uj) at x if and only if 
there exists ip G with = 1 in a neighbourhood of x such that 

e 

Remark 2.2. For convenience we say that / G at x if the state- 
ment in Definition 12.11 is true for u = 1. 

We note that if / belongs to &g${yj) at xo then (xq, £o) ^ WF (/) 
for any £ G R d \ 0. 

Definition 2.3. For / G &'{X) the singular support sing supp^A / 
is the smallest closed subset of X such that / is in ^SS[iS) in the 
complement. 

We use the notation sing supp^) / = singsupp^ / when u = 1. 

Theorem 2.4. Assume that f G ^'(H d ), SB is a translation invariant 
BF-space andu G tP(R, d ). The projection o/WFm u )(/) mX zs egna/ 
to singsupp^ H /. 

Proof, (a) Assume that Xq (jL singsupp^^/). Then / belongs to 
^S${yS) at xq. This implies that (xo,£o) ^ WFj^( u )(/), for any £ G 
R d \ 0. 

(b) Assume that (x ,£q) £ WF^»( W )(/) for all £ G R d \ 0. Then by 
the compactness of unit sphere we can choose a neighbourhood X of 
Xo such that W,^jy (/) H (iT x R d ) = 0. This implies that we can 
choose a function ip XQ G Cg* 3 which is equal to 1 in a neighbourhood X 
of Xq such that v^o/ G ^SS{yj). Hence x G" singsupp^^/). □ 

The next theorem is given without proof since the result follows 
directly from Theorem 8.4.8 in Hormander [T2] together with the ob- 
servation that WF^»(/) C WF(J). 

Theorem 2.5. Let X C R d 6e open, T an open convex cone in R d and 
let 

Z = {z G C d ; Re z G X, Im z G T, | Im z| < 7}, 
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for some 7 > 0. Also let F be an analytic function in Z such that 

\F(z)\ < C\lm z\~ N , zeZ. 

Then F(- + iy) has the limit Fq G 3i' N+l (X) as y G T tends to zero and 
WTV^(Fo) C X x (r°\0) ; where T° is the dual cone ofT . Furthermore 
F = Oz/F = 0. 

Next we associate the temperate distribution / with a function F 
analytic in the convex cone Vt = {z E C d ; \ lmz\ < 1} such that 

/= / F{- + 

J |£|=1 

We recall the following result from Hormander [T2| Theorem 8.4.11]. 

Theorem 2.6. Let K be given by fO]) . Iff G y'(R d ) and F = K*f, 
then F is analytic in Q = {z; | Im z\ < 1} and for some C, a, b 

\F{z)\ < C(l + |z|)°(l - I Im z\)~\ zett. (2.1) 

The boundary values F(- + i£) are continuous functions of £ G S* 6 ^ 1 
wii/i values in ^"(R d ), and 

lf,0} = J (F(- + %),<!>) d£, <pey. (2.2) 

Conversely, if F satisfies (12. ip . i/ien (12. 2p defines a distribution f G J^' 
rni/i F — K * f. 

Next we give the main theorem. 

Theorem 2.7. Assume that f and F satisfies the conditions in Theo- 
rem \2.b\ Then we have that 

(R d x S d - X ) n Wf //(/) = {(2, 0; If | = 1, F is not m&S$ at x - if}- 

We remark that F is in at x — if if for some neighbourhood V 
of (x, £) there exists some localization <p G with (p — 1 in V such 
that y?/ G J%^. Before the proof we note that C L is a subset of &3§. 

Proof. First assume that (xojfo) ^ WFjr#(/) and |£o| — 1- Then we 
want to show that F = K * f G at Xo — ifo- By the hypothesis 
there exist r > and ip XQ G such that <p Xo {x) — 1 if \x — x$\ < r 
and an open conical neighbourhood T^ of fo such that 

W&iVwofiXrJa < 00. 
We also recall that since (p xo f has compact supports it holds 

|^ /)(0l<C(i + iel) M , £eR d , 

for some fixed constants C,M > 0. Set / = (p Xo f + u where v = 
/(l - <^ ). Then F = K*f = K* (<p Xo f) + K * u and 

if * u(^) = — •), v). 
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Now K(x + iy — t) is well-defined when \y\ 2 < 1 + \x — t\ 2 , so it is well- 
defined and rapidly decreasing with all derivatives when \t — x \ > r 
if 

\y\ 2 < 1 + (r — \x — xo|) 2 , \x — xq\ < r. (2.3) 

(Cf. Lemma 8.4.10 and Theorem 8.4.11 in [12j.) It follows that K *v 
is analytic and bounded in compact subsets of the set defined by (12. 3p , 
which is a neighbourhood of xq — i^Q. Then it follows that K*v belongs 

tO at Xq — l^Q. 

Next we consider K * (ip xo f). It is left to prove that K * (ip xo f) 
belongs to at x ~^o- The Fourier transform of K * (ip xo f)(- +iy) 
is e-( y &^(ip Xo f)/I(£). By (8.4.12) in Hormander pj it follows that 



<Ce-l«l(l + |£|) 



(d-l)/2 



\m\ 

Using this we conclude that 
\\K* (<p x J)\\^ = \\e-^^( Vxo f)/I(.)y 

< C a (||e-fc->-H(l + | • |) (d - 1)/2 ^(^ /)xr 5o ||^+ 

|| e -(y,->-H(l + | . |)(^ 1 )/ 2 ^(^J)(l - Xr jy) (2.4) 

For the first part in the right-hand side of (12.41) we recognize that 
for every y such that \y\ < 1 sup^ e~^'^~^'(l + |£|)( d-1 )' 2 < oo and 
therefore 

|| e -<y.-)-H(i + | . \Y d - l ^^^ xo f) Xr jy < oo. 
Then for the second part we have that 
|| c -<y.->-M ( i _,_ | . _ 3^ )11^ 



<C||e-<"»-H-l(i + |.|)^+(d-D/2(i_ Xr 



Choose e > such that (£„,£) < (1 - 2e)|f | when £ £ T^. Then 

<y,0 + KI>eKI 

if ^ ^ r^ and \y + £o| < £ - Hence we obtain 

<C||e- £ H(l + |.|)^-i)/2||^ <00 
This completes the first part of the proof. □ 
For the second part of the proof we need the following lemma. 



Lemma 2.8. Let dfi be a measure on S^ 1 and T an open convex cone 
such that 

{Hi < when ^ y G T, £ G supp dfi. 
If F is analytic in Q and satisfies (12. ip ; then 



F 1 (z) = j F(z + iZ)dfi(Z) 



is analytic and \Fi(z)\ < C'(l + | Re z\) a \ Im z\~ h when Imz G T and 
| Imz | is small enough. 

For every measure dfi on S we have 

WF^(F M ) C {(x,C); -C/ICI e suppd/x andF £ J^atx-</|C|} 

(2.5) 

HenF ll = fF{. + iZ)dn(Z). 

Proof. The first statement was proved by Hormander in [T2"| Theorem 
8.4.12]. Let r° be the dual cone of T. By Theorem 12.51 it follows that 

WF.^(F M ) c R d x T°. 

Assume that 

x G {x; F G at x + i£ for every £ G supp d/i}. 

Then we have that for every £ 6 supp d/x there exists an open neigh- 
bourhood U(: of (x ,£o) an d a function ^ G with supp^ C U^ 
such that x H- e Since the set 

{x + i£; £ G supp <i/x} 

is compact, it follows from arguments about compactness that there 
exist finitely many points £ 3 - such that 

{xo + i£; £ e supp d/x} c (J . 

For every £j we choose an open neighbourhood X^. of xq and let X = 
P) A^ . Then we can choose <^q G equal to one in the neighbourhood 
X of xq such that x h- > if F G Furthermore, we have that there 

exists (f G C^°, with support in a neighbourhood of Xq, such that 



\\<pFv\\^ = II / <fF(- + i£) dfj,\\^a 

< I \\<pF(' + i£)\\#gdii, < oo. 



Then ipF^ G at x . 

From the arguments above it follows that 

sing supp^(F Al ) C {x; Fis not in ^SS at x + i£ for some£ G supp <i/x}. 

Then we may write dfi = ^2 dfij where supp dfij is contained in the 
intersection of supp dfi and a narrow open convex cone Vj. Applying 



the result just proved with d[i replaced by d/ij and T replaced by the 
interior of the dual cone — V° we obtain 

WT, ;/ (/•;,) C \J{(x,C); -C/KI e V jt F £ at x+i£ ioi some£ G 

If — C/KI ^ supprfyU or F G at a; — z^/ 1 C| we can choose the covering 
so that — C/KI ^ ^ or ever y 3 or f° r & H J / 1 while F G at a; + z£ 
for every £ G Vi. In both cases it follows that (x, £) ^ WF^(F )i ) which 
proves (12. 5p . This completes the proofs of Lemma 12.81 and Theorem 
EZJ □ 

The following Corollary is an analogue to Corollary 8.4.13 in Hor- 
mander [12] . 

Corollary 2.9. Let Ti, . . . , T m be closed cones in R d \ such that 

m 

Ur,=R d \o. 

For every f G ^"(R d ) there exists a decomposition f = Y^=\ fj> where 
fj G y and 

WI'- //(./• ) C WF*»(/) n (R d x T,). (2.6) 

// there exists another decomposition f = YujLi fj which also satisfies 
the conditions above, then /' = fj + Y^k=\ fjk where G , fjk = 
-fkj and 

wi ; //(./}/,) c \YF>.Af) n (R d x (r,- n r fc )). (2.7) 

Proof. Let 0j be the characteristic function on 1^- \ (T\ U • • • U Tj-\). 
Then since supp <f>j fl supp <fik = for every j ^ k and 

Ur,\(r 1 u---ur J _ 1 ) = |Jr J = R d \o 

it follows that J] ^ = 1 in R d \ 0. Let F = K * / and Fj = K * (/j -/,■). 
Then 

m m mm 

£ F i = £(* * « - /i)) = * * (£ /; - £ /i) = °- 

j=i j=i j=i j=\ 



Let 



and 



/** = y - # - y - iO0i(O de- (2.8) 
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Then it follows by straight-forward calculations that /' = fj + Y^k=i fjk 
and fjk = —fkj- More precisely we have that 

m „ m „ m 

k=l fc=l ^ fc=l 

= / /•)(• >0<iC r r fr 

From Theorem 12.71 and Lemma 12.81 it follows that ( 12. 6 p holds using 
that cj)j has support in Tj fl 5' d_1 and letting dfj,j(£) = <j>j(£)d£- Use 
the measure defined above and treat the integrals on the right-hand 
side of (12. 8p separately. By using the arguments above we see that the 
wave-front sets of these integrals are contained in 

(\\T- //(./• ) u wf n (R d x r fc ) 

and 

(\vi--, /(//,,) u WFMfD) n (R d x r,-) 

respectively. Now (12.71) follows immediately from this together with the 
fact that fj and /■ satisfies (12. 6p . □ 



3. Wave-front sets of weighted Fourier BF-types 

In this section we consider weighted Fourier BF-spaces and prove 
results analogous to the non-weighted case. We start by assuming 
that SS is a translation invariant BF-space and u G ^(R d ). Then 
let SS\ = SSibS). By the following lemma we see that there is no restric- 
tion to assume that u is t> -moderated for some Vo E ^(R d ) which is 
submultiplicative. 

Lemma 3.1. Assume that to E &(R, d ). Then there exists vq E &(Tl d ) 
such that Vq is submultiplicative and 

cj(x) < Cvo(x), 

where the constant C > is independent of x E H d . 

Proof. Assume that u E &(R d ). Then we can choose constants iV and 
C large enough such that 

u{x) < Cw{0)(x) N . 

Note that C and iV do not depend on x E H, d . From the fact that 

(x + y) < 2{x){y), 

for every x,y E R d it follows that (x) is submultiplicative and poly- 
nomially moderated. □ 

ll 



Assume that u),v G ^(R d ) and that t> is submultiplicative. By the 
previous lemma we may choose vq G &(R, d ) such that vq is submul- 
tiplicative and uj is t> -moderate. Also assume that 3$ is a translation 
invariant BF-space on R d with respect to t> and let SS\ be the Banach 
space which consists of all / G Lj oc (R d ) such that H/H^ = ||/w||^ is 
finite. We recall from Remark 1.2 in [Tj that SS\ then is a translation 
invariant BF-space with respect to VqV. 

Next we state the main results in the weighted version. Since these 
results are obtained directly using the statement above together with 
the analogous results for the non-weighted case we give the following 
results without proofs. 

Theorem 12.71 . Assume that f and F satisfies the conditions in Theo- 
rem \2.b\ Also assume that u, v, Vq G ^(TV 1 ) are such that v and v are 
submultiplicative, uj is VQ-moderate, and assume that SS is a translation 
invariant BF-space on R d with respect to v. Then we have that 

(R d x5 d - 1 )nWF,^ H (/) = If | = 1, F is not in&&(w) atx-i£}. 

Lemma 12.81 . Let and u, v and Vq be defined as in the previous 
theorem. Also let d\i be a measure on S d ~ x and T an open convex cone 
such that 

{Vi < when ^ y G T, f G supp dfi. 
If F is analytic in Q and satisfies (12. ip ; then 

F 1 (z) = j F{z + i£)dv(t) 

is analytic and \Fi(z)\ < C'(l + | Re z\) a \ Im z\~ h when Imz 6 T and 
| Imz | is small enough. 

For every measure d\i on S d ~ l we have 

WF*» (W) (F M ) C {(x,C); -C/ICI e suppd/i and F £ a*ar— iC/|C[} 

(3.1) 

HereF^ = jF{- + iti)d^)- 

Corollary 12.91 . Let SS anduo, v andvo be defined as in Theorem \2. 71 '. 
Also let T i, ... , T m be closed cones in R d \ such that 

m 

Ur,=R d \o. 

For every f G J?"(R, d ) there exists a decomposition f = Yl%=i fj> where 
fj G y and 

WF.m^ifj) C WF^» (U) (/) n (R d x r,-). (3.2) 
// there exists another decomposition f = Y^j=\ f'j which also satisfies 
the conditions above, then /' = fj + Y^k=i fi k w here fjj. G , fjk = 
—f k j and 

WF^ (w) (/ ifc ) c WF*g{ U )U) n (R d x (r, n r fc )). (3.3) 
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4. Wave-front sets of inf type 

In this section we show analogous results for wave-front sets of inf 
types. We recall the definitions of these types of wave-front sets from 
Coriasco, Johansson and Toft [TJ. Let SSj be a translation invariant 
BF-space on R d and ujj G <^(R d ), when j belongs to some index set 
J, and consider the array of spaces, given by 

(Bj) = {Bj) jeJ , where Bj = ^38j(u3j), 3 G J. (4.1) 

We recall that the wave- front sets of inf types WF|g )(/) = WF^j.{ w .)) 
consists of all pairs (xq, £0) G R x R d \ such that for every open con- 
ical neighbourhood T^ of £ , every (p G Cq° with <£> = 1 in some open 
neighbourhood X of Xq and for every j G J it holds that 

|^/|.^-(r 5o ) = ||^(^/)xr e J|^K) = 00. 

Here xr 5o is the characteristic function of T^ . 

Before stating analogous results to those for wave- front sets of Fourier 
BF-spaces we compare the wave-front sets of Fourier BF-spaces with 
the wave-front sets of inf types defined above. 

Since (x ,£o) G WFgf j} (/) if and only if (x ,£ ) G WF B .(/) for every 
j G J, it follows that 

WF i ( ^ ) (/) = f|WF ej (/) (4.2) 

3 

Theorem 12.71 '. Let M 'j be a translation invariant BF-space on R d and 
u G £P(R, d ) for every j G J. Also let Bj be defined as in (14.1 j) and /e£ 
/ and F satisfy the conditions in Theorem \2.b\ Then we have that 

(R^xS^nWFj^Cf) = {(x,0; |£| = 1, F is not zn (J^ at 

3 

Proof. We have that 

(R d x 5 rf - x ) n WFgj(/) = f|((R d x s^ 1 ) n WF fl ,(/)) 

3 

= (~*}{( x i 0) l£l = 1, -F 1 is not in at £ — i£} 

j 

= {(x,0; |£| = 1, Fisnotin|J^atx-ze}. (4.3) 

3 

The proof is complete □ 

Lemma 4.1. Let dp, be a measure on S d ~ l and V an open convex cone 
such that 

{Vi < when O^j/GT, supp dfi. 
13 



If F is analytic in Q and satisfies (12. ip ; then 

F 1 (z) = J F{z + iZ)dfji(Z) 

is analytic and \Fi(z)\ < C'(l + | Re2;|) a | Imz| _b when Imz G T and 
| Imz | is small enough. 

For every measure d[i on S d ~ l we have 

WFf^ig C {(a;,0; -C/ICI e supprf/i and F # \jB j atx - 

(4.4) 

HereF li = J F(-+i£) d^). 

The following Corollary is an analogue to Corollary 8.4.13 in Hor- 
mander [12j. 

Corollary 4.2. Let Ti, ... , T m be closed cones in R d \ such that 

m 

Ur,=R d \o. 

For every / G J>^'(R d ) i/iere exists a decomposition f = Y^jLi fj> where 
fj G y and 

WP^jC/j) C WF^ } (/) n (R d x r,). (4.5) 

// there exists another decomposition f = Y^j=i fj which also satisfies 
the conditions above, then /' = fj + Y^k=i fjk where fjk G 5^' , fjk = 
—fkj and 

WF™. } (f jk ) c WFJJ,(/) n (R d x (iv n r fc )). (4.6) 

5. Wave-front sets of modulation space types 

In this section we show that the results obtained for wave-front sets 
of Fourier BF-space types also hold for wave-front sets of modulation 
space types. 

We start by defining general types of modulation spaces. Let (the 
window) G y(R d ) \0 be fixed, and let / G y'(K d ). Then the short- 
time Fourier transform V^f is the element in ^"(R 2d ), defined by the 
formula 

(vv)(-'c,O = ^(/-0F^))(O- 

We usually assume that <fi G J^(R d ), and in this case the short-time 
Fourier transform (V^f) takes the form 

m)(x,0 = (2n)- d / 2 [ fi/Dod, - r)< dy, 

when / G y(R d ). 

Now let 38 be a translation invariant BF-space on R M , with respect 
to v G ^(R 2d ). Also let G ,y(R d ) \ and u G ^(R 2d ) be such that 
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uj is f-moderate. Then the modulation space M(uS) = M(u, 33) is a 
Banach space with the norm 

\\f\\M(cu/j) = \\V^fu\\a (5.1) 

(cf. [8j). 

Assume that u £ 3?{R? d ). We recall that the wave- front sets of 
modulation space types WFm(oj,,«)(/) consists of all pairs (xo,£o) ^ 
R d x R d \ such that 

\<pf\M(.u,@,r So ) = ||V^(^/)xr €o w||* = oo, 

for every open conical neighbourhood T^ Q of £o> an d V 9 £ Co° w ith <£> = 1 
in some open neighbourhood X of x - Here Xv io is the characteristic 
function of T^ . It can also be showed that wave-front sets of modulation 
space types and wave-front sets of Fourier BF-types coincide. More 
precisely, let 

SS Q = {/ e y'(R d ) : ® f £ 33}. (5.2) 
Then 33$ is a translation invariant BF-space on R d , which is indepen- 
dent of the choice of (p. Furthermore M(u, 38) and SP33§ are locally the 
same and 

WF^ oM (/)=WF M (^)(/). 
(Cf. Coriasco, Johansson and Toft [lj.) 

By using the previous results in combination with this we obtain the 
following results. 

Definition 5.1. Assume that / £ 3t'(R d ), 3$ is a translation invariant 
BF-space and u £ ^(R M ). Then / £ M(u,&) at x if and only if 
there is some neighbourhood X of xq such that for some <p> £ with 
ip = 1 in X we have that <pf £ M(u, 33). 

We recognize by the arguments before that since the definition above 
only concerns local properties it holds that / £ M(u, 33) at xq if and 
only if / £ &38q(u) at xq, where 33$ is given by (15.21) . 

We note that if / belongs to M(oj, 33) at x then (x , £o) ^ WFjvf( Wl af)(/) 
for any £ £ R d \ 0. 

Definition 5.2. For / £ 3>'(X) the singular support sing supp M ( w ^ / 
is the smallest closed subset of X such that / is in M(u, 33) in the 
complement. 

Theorem 5.3. Assume that f £ &'{R d ), 33 is a translation invariant 
BF-space and u> £ 3 g (R 2d ). The projection o/WFml^)(/) in X is 
equal to sing supp M(a) 0) f. 

Proof, (a) Assume that x £" sing supp^^ t m{f). Then / belongs to 
M(cu,33) at xq. This implies that (xo,£o) ^ WFm(w,^)(/), for any £ £ 
R d \0. 

(b) Assume that (x ,£o) ^ WF M (u,&)(f) for all £ £ R d \0. Then we 
can choose a neighbourhood of x such that WFjvf (/) fl (iT x 
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R d ) = 0. This implies that we can choose a function (p xo G which 
is equal to 1 in a neighbourhood X of x such that ip Xo f G M{uj,38). 
Hence x £ sing supp A/(w , 3) (/) . □ 

Next theorem is analogous to Theorem 12.71 

Theorem 12. 71 . Assume that f and F satisfy the conditions in Theorem 
\2.6l Also let S3 be a translation invariant BF-space and u G ^(R 2d ). 
Then we have that 

(R d x5^ 1 )nWF M( ^ ) (/) = {(ac,0; If I = 1, F is not mM{u,38) atx-i£}. 

We remark that F is in M(u, 3§) at x — if if for some neighbourhood 
V of (x,£) there exists some localization (p G with = 1 in V such 
that iff G M(w,^). 

Proof. Let be defined as before. Then it follows that 

(R d x s d - 1 ) n WF MM (/) = (R d x s^ 1 ) n wf^ oH (/). 

From the result in the previous section we also have that 

(R d x5 d - 1 )nWF^ oM (/) = {(x,f); If | = 1, F is not in^M at x-if}. 

Now since the right-hand side only concern local properties and &S3q{uS) 
and M{u, 8§) are locally the same it follows that 

{(x,g); |f| = 1, F is not in &£8 (u) at x - i£} 

= {(x,f); If I = 1, F is not inM(w,J) at x - if }. 
This completes the proof. □ 

By arguments given before it is obvious that Lemma 12.81 and Corol- 
lary 12.91 hold also for modulation spaces instead of Fourier BF-spaces. 
We therefore state the following results without proofs. 

Lemma 12.81 . Let SS be a translation invariant BF-space and u> G 
^(R 2d ). Also let dfi be a measure on S^ 1 and T an open convex cone 
such that 

{Vi f ) < when ^ y G T, f G supp dfi. 
If F is analytic in Q and satisfies (12. ip , then 

F 1 (z) = J F{z + iOd»(0 

is analytic and \Fi(z)\ < C'(l + | Re ^ | ) a | Imz| _b when Imz 6 T and 
| lmz\ is small enough. 

For every measure d[i on S d ~ l we have 

WF M( ^)(F M ) C {(x,C); -C/ICI e suppd/x and F £ M(u,&) atx-i{/\(\} 

(5.3) 

HereF, = jF{- + iti)d^)- 
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Corollary 12.91 . Let 3$ be a translation invariant BF-space and u> G 
^(R 2d ). Also let r 1; . . . , T m be closed cones in R d \ such that 

m 

For every f G S^'(R d ) there exists a decomposition f = Y^jLi fj> where 
fj G y and 

WF M ( W ,*)(/i) c WF M{ ^ m (f) n iir' x r,). (5.4) 

// there exists another decomposition f = YlJLi fj which also satisfies 
the conditions above, then f- = fj + ^fcli fjk where fa G , fjk = 
-f kj and 

WF MM (/ it ) c wf m( ^)(/) n (R d x (r, n r fc )). (5.5) 
6. Some additional properties 

In this section we prove some further properties for the wave-front 
sets of Fourier Banach types using results from the previous section. 

Theorem 6.1. Let f G @'{X), X C R d , and WF^(f) C X x T° , 
where T° is the dual of an open convex cone T. If Xi C X and Ti is 
an open convex with Ti C T U {0} ; then there exists a function F that 
is analytic in {x + iy; x G X 1; y G r 1; |?/| < 7}, such that 

\F(x + iy)\ <C\y\~ N , y eV 1} x G X u 

and such that the limit of F(- — iy) in Fi, when y — > 0, differs from f 
by an element in ^SS{X\). 

Proof. Set v = \ f where \ Co° is equal to 1 in X\. If V = K * v is 
defined as in Theorem 12. 7\ then 

WF»(«) = WVsAxf) C WF*»(/) C X x r° 

gives 

C(ixr°)cCwF^). 

From this follows that 

Xi x Cr° c Cw^(t)). 

Then Theorem 12 . 71 implies that G J^i^ at every point in Xx+i(S fl 
C(-r°)). Choose an open set M with ^nS"* -1 CMC S^ 1 and where 
M belongs to the interior of r°. Then v = v 1 + v 2 where 

vi= f V(- + i£)d£ 

belongs to in X\ and t> 2 is the boundary value of the analytic 
function 

F(z) = / V(z + i£)d£, ImzeVx, |Imz|<7. 
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Lemma [2.81 completes the proof. 



□ 



As mentioned before we have that WFjr#(/) C WF^(/). In the 
following proposition we describe a relation between the wave-front 
sets of Fourier Banach function types and analytic wave-front sets. 

Proposition 6.2. Let S3 be a translation invariant BF-space and f G 
@'(R d ). Then 

WF //(/) f| WF A (f-g). 

For the proof we need the following Lemmas which are extensions of 
Proposition 1.5 and Lemma 1.6 in [15J. 

Lemma 6.3. Let X C R d be open and SS be a translation invari- 
ant BF-space. Then the map (/i,^) ^ /1/2 from y(R d ) x y(R d ) 
to y(R, d ) extends uniquely to continuous mapping from j^?(R a! ) x 
^L\ v) (H d ) to J^(R d ). 

Proof. (1) Let fr G «(R d ) and f 2 G Y(R d ). By Minkowski's in- 
equality it follows that 

= HA * f2\\sg < C\\fx\y\\f 2 \\ L i ■ 

The assertion (1) now follows from this estimate and the fact that 
y(K d ) is dense in &L\ y □ 

Lemma 6.4. Let X C R d be open, f G 2>'{X) and let S$ be a trans- 
lation invariant BF-space. Also let (x ,£o) G X x R d \ 0. Then the 
following conditions are equivalent: 

(1) {x ,£ )tWFMf); 

(2) there exists g G &3§(R d ) (g G ^SS Xoc {X)) such that (xo,£q) £ 
WF(/-<?); 

(3) f/iere exists 5 G J^(R d ) (g G J^i oc (X)j snc/i f/iat (x ,£q) £ 
WF A (f-g). 

Proof. In this proof we use the same ideas as in [T3| Proposition 8.2.6] 
(see also [15J and [IS]). We may assume that g G &£$\ oc {X) in (2) and 
(3) since the wave-front sets concern local properties. Assume that (2) 
holds. We can then find an open subset X of X and some open cone 
T = rg and a sequence tp^ G such the <£>jv(/ _ 9) = / — 9 on A 
and 

- <?))(£)! < c N ^ N (0~ N , N = 1, 2, . . . , £ G T. (6.1) 

In particular it follows that if Ao is chosen large enough, then \<Pn{} ~ 
<?)|j^(r) is finite for every N > Nq. Since g G J£^(R d ), it follows by 
Lemma [6.31 that \ fNg\^(T) is finite for every ip^- Then |<^jv/|j^(r) is 
finite for every N > N and (1) holds. 
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Conversely, if (xo>£o) ^ WFj^(/), then there exist an open neigh- 
bourhood X of x and an open conical neighbourhood T of £ such 
that 

WfW&(T) < oo, 
when if G C^°, in view of Theorem 3.2 in [lj. 

Let (fi,tp G C^(Xq) be chosen such that (p(xo) ^ and (fx = 1 in 
the support of y?. Furthermore let "g = <^(<pif) in T and otherwise 0. 
Then g G J^(R d ). 

By [T2"| Lemma 8.1.1] and its proof, it follows that 

m<Pi(vf - 9))(0\ < C N (0~ N , N = 0, 1, 2 ■ • • , 

when £ G T and T is chosen sufficiently small. Since = ip we have 
that (16. ip holds. This implies that (xo>£o) ^ WF(/ — g). This proves 
that (1) and (2) are equivalent. 

Since WF()) C WF A (f) for each distribution /, it follows that (2) 
holds if (3) is fulfilled. Assume that (2) holds. Then in view of of the 
remark before Corollary 8.4.16 in [12J there exists some h G C°°(X) 
such that Oo, £ ) g WF A (/ -g-h). Since C°° C J^ loc (X) it follows 
that gi = g+h G #^i oc (Jf). Hence (3) holds, and the result follows. □ 

Proof of Proposition \6.tA We start by showing that 

WF»(/)CWF,(/- ? ), 

for every g G ^SS. Since WF^(/ — #) C WF^(/ — #) it is sufficient 
to show that 

WF»(/)CWF»(/- S ), (6.2) 

for every g G J?!^. 

Assume that (x ,£o) ^ WFjr^(/ — g). Then there exist y? Xo G Cq 30 
with 93 Xo (a;o) 7^ and an open conical neighbourhood T = T^ of £0 
such that 

W^ifxoif - g))xv io y < 00. 

It follows by Lemma 16.31 that 
for every g G and then 

W{VxJ)xr io \U = \\-?{<Px {f -g))xr eo \\a+ ||^(^ #)xrJU < 00. 

This shows that (16. 2p holds. In fact, by similar calculations we can show 
the opposite inclusion and thereby obtain equality in (16.21) . We have 
now shown that 

WF , ,(/! C p| WL ,(/ .'/)• 

We obtain the opposite inclusion by using Proposition 16.41 This com- 
pletes the proof. □ 
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Corollary 6.5. If f G H$'{X) where X is an interval on R and if 
x G X is a boundary point of supp f , then (x , ±1) G WFjf^(/). 

Proof. Assume for example that (xq, — 1) g" WTV^(/). Then we can 
find F analytic in Q = {z; Imz > 0, \z — Xo| < r} with boundary value 
/. There is an interval I C (x — r, Xo + r) where / = 0. By Theo- 
rem 3.1.12 and 4.4.1 in Hormander [12J F can be extended analytically 
across / so that F = below /. Thus the uniqueness of analytic con- 
tinuation gives F — 0, hence / = in (xq — r, Xo + r). This contradicts 
that Xo is a boundary point of supp / and proves the corollary. □ 

The result in the following lemma follows directly from Lemma 8.4.17 
in Hormander. 

Lemma 6.6. If f G then WFj^(/) C H d x F where F is the limit 
cone of supp / at infinity, consisting of all limits of sequences tjXj with 
Xj G supp / and < tj — > 0. 

Next we give some computational rules for wave-front sets of Fourier 
Banach function types. We prove that some of the rules that Hormander 
obtained for classical and analytical wave-front sets in |T2] holds also 
for wave-front sets of Fourier Banach function types. For completeness 
we give the proofs which are similar to those of the analogous results 
in [12]. 

Theorem 6.7. Let X C K dl and Y C ~R d2 be open. Also let f : X Y 
be a real analytic map with normal set Nf . Then 

WF«(A)CfWF«( 3 ), if ge&(Y), iV / nWF^( 5 )=0 

(6.3) 

Proof. Assume that there exists an analytic function $ in 

n = {y' + iy"; y'eY,y"eT, \y"\ < 7 }, 
where T is an open convex cone, such that 

\Q(y' + iy")\<C\y"\- N infi, g= lim $(- + iy). 

Let r° be the dual T. Then by the arguments in the proof of Theorem 
8.5.1 in Hormander [12] it follows that WF a{q) CFx r°. If we assume 
that x G X and that V'Oo)?? ^ 0, rj G r°\0, then V'(xo)r o is a closed, 
convex cone and 

WF A (f* g )\ X0 c {(x , V'^o)^); ^ e r° \ o}. 

Next by using Corollary 12.91 and Theorem 16.11 it follows that any dis- 
tribution g can be written as a finite sum 9j where each term either 
belongs to in a neighbourhood of f(xo) of satisfies the hypotheses 
above with some Tj such that T° is small and intersects WF^(g)\f( xo y 
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By the hypotheses t f\xo)rj ^ when (f(x ),r}) G WF&®(f). We then 
conclude that 

WFMf*g)\ X0 c {(xoSf'Mv), v e \Jr°}. 

This implies (16.31) . □ 

Theorem 6.8. Let f G <£"(R d ). Split the coordinates in H d into two 
groups x' — (xi, . . . , x^) and x" = (a^+i, . . . , x&), and set 



h{x') = J f(x',x")dx" 

Then 

WF^(A) C {(x',0; (x',x"^',0) G WV, Af) for somex"}. 
Proof. We use the same notation as in Theorem 12.71 Then 



(/,0®V)= / (?/(• + zw),0®V)dw, (6-4) 
J|w|=i 

for G ^(R^ 1 ) and ^ G Cg (R d_dl ). Take ^(x") = where 
X = 1 in the unit ball and let 8 — > 0. U is decreasing exponentially at 
infinity and therefore it follows that 



(/i,0)= / (U(- + iu),<f>®l)(kj = (Z7i(- + ia/),0)dw 

yiwi=i V|w|=i 

where 

VM-JVW-JW,SW)«', |ImW| 2 <l 

is an analytic when | Im^'| < 1, which is bounded by C(l — | lmz'\)~ . 
If I < 1 and (x',x",lo' ) £ WF&®(f) for every x" G R d ~ dl , then Ui G 
J^i? at x'—iu' . Hence Lemma [2T81 implies that (x',u' ) (jL WFjr#(/). □ 

Theorem 6.9. Lei X C R dl and K C R da 6e open sets and K G 
Sl'iX x Y) be a distribution such that the projection suppK — > X is 
proper. If f G J?&(Y) then 

WV.A^f) C {(x,0; (^,2/,e, 0) G WF«(K)/or somey G supp/}. 
i/ere J(f is the linear operator with kernel K . 

Proof. Replace K by K{l®f) and assume that / = 1. Without chang- 
ing K over a given compact subset of X we may replace K by a dis- 
tribution of compact support, and then the statement is identical to 
Theorem 16.81 □ 
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